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We use the explicit formula of V. Shevelev for the best possible
exponent α(m) in the error term of the asymptotic formula of
A.O. Gelfond on the number of positive integers n x in a given
residue class modulo m and a given parity of the sum of its binary
digits, to obtain new results about its behaviour. In particular, our
result implies that
lim inf
p→∞ α(p) = 0
where p runs through the set of primes, which has been derived
by V. Shevelev from Artin’s conjecture.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let s(n) denote the sum of binary digits of n. For integers m > 1, a ∈ [0,m − 1] and ν = 0,1 we
denote by Tm,a,ν (x) the number of integers n x with
n ≡ a (modm) and s(n) ≡ ν (mod 2).
As a very special case of a result of A.O. Gelfond [5] (which applies to sums of g-ary digits in a
given residue class modulo d for arbitrary integers d, g  2 with gcd(m, g−1) = 1), for any odd m we
have
Tm,a,ν(x) = x
2m
+ O (xα), (1)
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α = log3
log4
.
Note that the above value of α does not depend on m.
V. Shevelev [9] has recently obtained a much more precise result giving an explicit formula for
the best possible exponent α(m) in (1). That is, α(m) is a real number such that (1) holds for any
α > α(m) and fails for any α < α(m). To formulate the main result of [9] we let tm be the multiplica-
tive order of 2 modulo an odd integer m. Then V. Shevelev [9, Theorem 1] gives the following explicit
expression:
α(m) = max
1am−1
(
1+ 1
tm log2
tm−1∑
k=0
log
∣∣∣∣sin
(
π
a2k
m
)∣∣∣∣
)
. (2)
This formula implies that if m = p is prime and 2 is a primitive root modulo p then
α(p) = log p
(p − 1) log2 .
See [9, Theorem 2]. In particular, it is noticed in [9] that under the assumption of Artin’s conjecture
on primitive roots we have
lim inf
p→∞ α(p) = 0. (3)
The purpose of this paper is to prove (3) unconditionally and in fact to show that α(p) is small
for an overwhelming majority of primes p. Our result is based on the estimate of J. Bourgain [1] on
exponential sums over small multiplicative subgroups, which in turn is an improvement of a result
of J. Bourgain, A.A. Glibichuk and S.V. Konyagin [3], combined with an estimate on some products via
exponential sums.
Throughout this paper, implied constant in the symbols O and  may depend on the positive
parameter ε and are absolute otherwise. We recall that the notations A = O (B) and A  B are both
equivalent to the fact that there exists a constant c such that the inequality |A| cB holds.
Theorem 1. For any ε > 0, there exist a set Rε of primes p such that
#{p  x: p ∈ Rε} exp
(
O
(
log x
log log x
))
such that for any suﬃciently large p /∈ Rε we have
α(p) exp
(−(log p)1−ε).
2. Preparations
We recall the following estimate given in [1, Corollary to Theorem B].
Lemma 2. For any δ > 0, prime p and integer g with gcd(g, p) = 1 of multiplicative order t  pδ modulo p,
the following bound holds
max
1ap−1
∣∣∣∣∣
t∑
exp
(
2π iagk/p
)∣∣∣∣∣ tp−η
k=1
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η = exp(−C/δ)
for some absolute constant C > 0.
We note that Lemma 2 allows us to choose δ as a slowly decreasing function of p, which is crucial
for our argument.
We need the following result which is essentially [8, Bound (18.2)].
Lemma 3. For any N complex numbers z1, . . . , zN on the unit circle, |z1| = · · · = |zN | = 1, we have
P  exp
(
O
(
S log(N/S + 1))),
where
P = max|z|=1
∣∣∣∣∣
N∏
k=1
(z + zk)
∣∣∣∣∣ and S = maxν=1,...,N
∣∣∣∣∣
N∑
k=1
zνk
∣∣∣∣∣.
3. Proof of Theorem 1
Since
| sinϑ | =
∣∣∣∣eiϑ − e−iϑ2
∣∣∣∣=
∣∣∣∣1− e2iϑ2
∣∣∣∣,
we rewrite (2) as
α(p) = max
1ap−1
(
1+ 1
tp log2
tp−1∑
k=0
log
|1− exp(2π ia2k/p)|
2
)
= 1
tp log2
max
1ap−1
tp−1∑
k=0
log
∣∣1− exp(2π ia2k/p)∣∣. (4)
We now deﬁne Rε as the set of primes p with
tp  exp
(
3ε−1C log p
log log p
)
,
where C is the constant of Lemma 2. Then for p /∈ Rε we can apply Lemma 2 with
δ = 3ε
−1C
log log p
and thus with
γ = (log p)−0.5ε
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max
1ap−1
∣∣∣∣∣
tp−1∑
k=0
exp
(
2π ia2k/p
)∣∣∣∣∣< tp exp(−(log p)1−0.5ε). (5)
Therefore, recalling (4) and using Lemma 3 (with z = −1), we derive from (5) that
α(p)  exp(−(log p)1−0.5ε)(log p)1−0.5ε,
that implies the desired estimate for a suﬃciently large p ∈ Rε .
It remains to estimate the number of primes p ∈ Rε up to x.
Let
T = exp
(
3ε−1C log x
log log x
)
.
Then
#{p  x: p ∈ Rε}ω(W )
where ω(n) is the number of distinct prime divisors of n and
W =
T∏
t=1
(
2t − 1).
From the trivial inequality
ω(n)  logn
log log(n + 2)
and using that logW  T 2, we now obtain
#{p  x: p ∈ Rε}  T 2
which concludes the proof.
4. Comments
We note that other estimates of exponential sums over subgroups of a ﬁnite ﬁeld Fp of p elements
can be used as well. For example, one can use estimates from [2,3,6,7] or any other bound which is
nontrivial over a multiplicative subgroup G ⊆ F∗p of size #G  p1/2−η for some ﬁxed η > 0. These
bounds lead to much weaker estimates on the size of the exceptional set Rε in Theorem 1, however
the explicit bounds of [2,6,7] imply stronger upper bounds on α(p) for the remaining primes. In
particular, one can obtain a series of trade-off results between the size of the exception set and the
size of α(p) for the other primes.
We also note that the same technique can also be applied to estimating α(m) for integers m
without small prime divisors.
Finally, we remark that Lemma 2 and the link between the discrepancy and exponential sums
provided by Erdo˝s–Turán inequality, see [4, Theorem 1.21] for its multidimensional version, imply that
the fractional parts {a2k/p}, k = 1, . . . , tp , are asymptotically uniformly distributed for any p /∈ Rε
1060 I.E. Shparlinski / Journal of Number Theory 130 (2010) 1056–1060and integer a 	≡ 0 (mod 1). Then it may seem that now the Koksma–Hlawka inequality, see [4, Theo-
rem 1.14], which relates average values of a function at uniformly distributed points with its integral
average, may be applied to the function f (x) = log | sin(πx)| and together with (2) leads to the de-
sired result. This approach however fails at the above function f (x) is unbounded as x → 0 and thus
the Koksma–Hlawka inequality does not apply.
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